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Matroids over a ring

Definition (Fink, Moci)

A matroid over a ring R on the ground set E is a function M that assign to each subset A of E a
finitely generated R-module M(A) in such a way that for every b,c € E \ A, there exists
x,y € M(A) such that

M(AU{b}) =~ M(A)/(z)

M(AU{c}) = M(A)/(y)
M(AU{b, c}) ~ M(A)/(x,y)

c).

(note that the choice of x and y depends on both b and

The property required in the above definition is summarized by the following diagram:

s M(AU {a})
l/ ) |/
MAU {0} LT MAU {a,b))

Example

let R =Z|i], E = {1,2} and consider the matrix

B I 1471 2.9
(/U17U2>_[1_|_Z' 0 ]ER )

Now let ¢ : E — R? defined by (i) = v;, and define M : 2% — R-mod by

R2
M(A) = — , forevery ACFE.
A= aiea
Thus M is a realizable R-matroid and ) is a realization.
M) —— M(1) Z[i)? > Z[i]

2

) }

M(2) —— M(12)

! |

Zt) ® Zi| /(1 + 1) Z]i| —— 73|/ 27Z]1]

The Grothendieck-Tutte polynomial

Let R be a domain, Q(R) its field of fractions. Let Z|R-mod| be a ring freely generated as a
group by isomorphism classes of f.g. R-modules [N], with product given by [N][N'] = [N & N'].
Denote by Vv the application of the contravariant functor Hom(—, Q(R)/R).

The Grothendieck-Tutte polynomial of a matroid M over a domain R, of rank r on the ground
set E is the polynomial:

Tyley) = Y [tor(A)")(@ — 1) KA g — 1K=,
AC|n]

Theorem (Deletion-Contraction)

Let M be a matroid over a domain R, of rank r on the ground set E. If M(0) is torsion-free and
M(E) =0, then
)
YL p\(2, ) If 4 1s a loop,
Tam(z,y) = § 2Tp/i(2, )

\TM\Z-(x, y) + Trpi(z,y) otherwise.

if 7 1s a coloop,

The Poset of Torsions

Let M be a realizable matroid over a domain with a fixed realization . We can associate to M
a (classical) matroid in a natural way. We denote by AM its independence complex.

Given A U {b} € AM, from the definition of matroid over a ring, there is a quotient map
M(A) = M(AU{b}) =~ M(A)/((b)) that in a natural way give rise to a surjective map:

7T>/1 p 1 tor(AU {b})Y — tor(A)".

@ \.

The poset of torsions of M is the set
GrtM ={(A]): Aec AM, | e tor(A)"},

together with the partial order defined by the covering relations « given as follows: if
(AU{b},h), (A1) € Gr M, then we set

(A,1) 4 (AU (b}, h) £ 7Y () = 1.

The poset of torsions Gr M of the matroid M of the previous example is:

({1,2},(0,0))  ({1,2},(1,0))  ({1,2},(0,1)  ({1,2},(1,1))

N\ </

({1},0) ({2},0) ({2}, 1)

(0, €)

Let M be a realizable matroid over a domain R, with a fixed realization. The poset of torsions
Gr M is a disjoint union of simplicial posets, each one isomorphic to link(, e).

Specializations of the Grothendieck-Tutte polynomial

We can associate to a finite simplicial poset L a Stanley-Reisner ring (or face ring) Ay given by a
quotient of K|z, : a € L] by some ideal I homogeneous with respect to the grading given by

deg(xq) = rk(a).
Now let F be a number field and let R be its ring of integers. We further assume that R is a PID.
In these hypothesis, every f.g. torsion R-module N is finite, and N ~ NV.

Let M be a realizable R-matroid with a fixed realization . In this setting, the poset of torsions
of M is finite.

Denote by L = link(f), e), and let A, be the face ring of L. The face module of M is the

Aj-module

- D A

tetor()

Define ¢ : Z|R-mod| — Z by
p([F]) =1
p(IN]) = V]

We can specialize the Grothendieck-Tutte polynomial, using the homomorphism ¢, to obtain a
formula for the Hilbert series of A 4.

for every free module F,
for every torsion module N.

H(AM. ) = el Tua(1/8.1)

The face module of the matroid M in the previous examples is:

Kl|zq, Lhg1r Lbyy Legy Lepyr Ly xdl]
TaTp, — (Te; + Td,), TpyTpy
Zlfci.rdj, LcoLey s deZI}dl,
xbixq, ZIZbZ.ZIZ‘dz

A

4,5 €4{0,1}
1 =1—1

In particular, we have:
1+t +2t2 t2

Toir ~ ogpe M/t ),

H<A./\/l7 t) —
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